Abstract. We present a new method of calculating intertwining operators between principal series representations of semisimple Lie groups G. Working in the compact realization we nd the eigenvalues of the operators on the Ktypes, and give several examples. Among the advantages of our method is its applicability to bundle-valued cases.
Introduction
Intertwining operators of various forms play an important role in the theory of representations of semisimple Lie groups. This is in particular the case for principal series representations, where intertwinors have been applied to classi cation and unitarity questions. In the Knapp-Stein theory, one starts with a non-compact realization of the principal series in which the intertwinors appear as singular integral operators depending on a parameter. Analytic continuation in the parameter is then performed in a compact picture. On the other hand, all information is also encoded in the behavior of intertwinors on the K-isotypic submodules. In this work we present a new way of constructing intertwining operators between principal series representations induced from maximal parabolic subgroups P, in the case where K-types occur with multiplicity at most 1. The method amounts to setting up an apparatus which will calculate explicitly the spectra of the operators; i.e., the eigenvalues on each K-type. The search for these eigenvalues is by no means a new project (at least in the spherical, or line bundle case, in which one induces from a 1-dimensional representation). Notable progress along these lines, in the spherical case, was made by Johnson and Wallach for rank one groups, and more recently by Kostant and Sahi, in connection with the Capelli identity. In our approach, one is excused from some of the hard work; for example, that of computing radial parts of di erential operators. This would be a formidable undertaking in the bundle-valued case, and the fact that we can bypass some of this analysis is related to the relative utility of our apparatus in the bundle case.
An important application of the results obtained from the spectrum generating technique is to the determination of composition series of principal series representations. This, of course, should be a consequence of any analysis of the intertwinors, together with some analysis of irreducibility questions for the subquotients obtained from the (rational) spectral function. We include a brief discussion of irreducibility questions here, and present a method of deriving strong irreducibility results based on the spectrum-generating process. But we shall not make exhaustive lists of composition series or prove comprehensive irreducibility theorems here; rather, we regard the formula for the spectrum as being of central interest. Indeed, much of the job of computing composition series is routine given the spectral function.
Among other potential applications are connections to sharp inequalities describing embeddings of Sobolev, Folland-Stein, and other natural Banach spaces connected to the di erential geometry of the various G=P. In fact, the connection to inequalities of Sobolev embedding and Moser-Trudinger type, and to the functional determinants of Laplace type operators, has been made in work of Beckner Be] and of Branson Bra2] . For the group SO 0 (n + 1; 1), the Knapp-Stein singular integral operators mentioned above are really convolutions jxj by powers of the distance jxj from the origin in R n , for appropriate . Beckner moved the corresponding sharp Sobolev embedding theory of Lieb L] to the compact picture, where the intertwinor eigenvalues discussed above appear explicitly, and performed an \endpoint di erentiation" in the parameter to obtain an exponential class inequality of Moser-Trudinger type. Bra2] makes the connection among the principal series intertwinor eigenvalues, sharp inequalities, and functional determinants. All this is basically an application to Riemannian conformal geometry; but similar applications to other geometries, for example CR (tangential Cauchy-Riemann) are possible.
To explain brie y what our method amounts to, we take a small pilot model, G = SO 0 (2; 1) (which is locally isomorphic to SL(2; R)). This will necessarily understate our case, since this model works equally easily from all available points of view. The principal series is realized as a multiplier action on functions on the circle, with K-nite functions e ijt . Elements of the Lie algebra g of G act as rstorder di erential operators on the circle. As the principal series parameter changes, these operators change by constant multiples of an order zero operator. Speci cally, for the generator of one noncompact direction in g, the operators in question are sin t (d=dt) + (r + 1 2 ) cos t, where r is the parameter (really a normalization of above). It is easy to see that one has a commutator relation Now (0.2) is the basis for writing down explicitly the action of the Lie algebra on the K-nite functions (in addition to the formula for the di erentiation of the functions e ijt along the vector elds from the Lie algebra); and from this one can calculate the eigenvalues of an intertwining operator. Many standard techniques are sophisticated versions of this latter approach; to use these, one needs at least recursion formulas like (0.2). The approach we take can be described as a sophisticated version of (0.1). This requires no recursion relations or knowledge of the structure of K-types and products of K-nite vectors. Being K-covariant, (0.1) is actually a calculation that can be carried out at the identity element of K (here, the circle), and hence it is a Lie algebra relation. The analogue of (0.2) becomes more di cult to obtain and work with for more general groups, while the complexity of use just requires the calculation of Casimir operators for various subgroups of K.
In the general case, the term ?(d=dt) 2 in (0.1) is replaced by a certain second order element of the enveloping algebra U(k), and cos t is replaced by the Lie algebra cocycle de ning the induced action.
Back in the pilot model, we generate spectra as follows. For r 2 C , we desire a K-invariant operator A 2r with the property that (0.3) A 2r (sin t (d=dt) + (?r + 1 2 ) cos t) = (sin t (d=dt) + (r + 1 2 ) cos t)A 2r : Let j (r) be the eigenvalue of the desired A 2r on e ijt . Now compress each side of both (0.1) and (0.3) to an operator from C e ijt to C e i(j+1)t ; i.e., restrict on the left and project on the right. (Here we have used a selection rule, the fact that ((1) (?1)) (j) = (j + 1) (j ? 1), with the usual weight arithmetic notation, to identify the possible K-type \targets". The analogous tool in general is just the K-decomposition of s V for a general irreducible K-module V , s being a Cartan complement for k in g.) The compression C j;j+1 applied to (0.1) gives ((j + 1) 2 ? j 2 )C j;j+1 (cos t) = C j;j+1 (2 sin t (d=dt) + cos t); so C j;j+1 (sin t (d=dt)) = jC j;j+1 (cos t); this dismisses the vector eld from the discussion, and reduces us to consideration of the cocycle. Now compressing (0.3), we get (j ? r + 1 2 ) j+1 (r)C j;j+1 (cos t) = (j + r + 1 2 ) j (r)C j;j+1 (cos t): in which the normalization 0 (r) = 1 is chosen. It is now straightforward to use the poles and zeros of this function determine composition structure (modulo irreducibility considerations).
(0.4) and its analogues in the general case are the reason for the term spectrum generating: they convert di erences of eigenvalues of elements of U(k) (realized in a representation, as spectrum generating operators) into quotients of intertwinor eigenvalues. Everything is written in terms of ?(d=dt) 2 (or more generally, the spectrum generating operator P), and cos t (or more generally, the cocycle). The eigenvalues of P, i.e. Casimir data, plus the selection rule, giving the K decomposition of the s V , are the only input; both are just matters of abstract compact
In Section 1, we standardize notation and terminology. In Section 2, we prove the commutator relation which generalizes (0.1), and the spectrum generating relation generalizing (0.4). In Section 3, we work out the spectral functions for several classes of G=P and large classes of bundles (inducing representations of P). In Section 4, we take up irreducibility questions. In Section 5, we discuss the complementary series and measure its \width" using the spectrum generating operator. Our main results are the basic commutator relation, Theorem 2.3, which allows us to reproduce in nitesimal representations from their cocycles; the consequence (2.17) of this relation, which allows us to generate the rational spectral function from compact Casimir data; Theorems 3.1, 3.5, 3.6, 3.7, and 3.8, giving the spectral functions for in nite classes of bundle-valued representations for special groups and series of groups; Theorem 4.6 on irreducibility; and Remark 5.4 on the width of the complementary series.
